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ABSTRACT: Flows over rotating disks are central to numerous engineering applications, including turbines, rotating
sensors, and advanced cooling devices, where the incoming fluid often strikes the disk at an angle. This study examines
magnetohydrodynamic (MHD) oblique slip flow toward a rotating disk, accounting for critical effects such as velocity
slip, thermal slip and thermal radiation. In particular, the Cattaneo—-Christov heat flux model is used to capture thermal
relaxation phenomena, frequently overlooked in prior analyses, while employing a uniform transverse magnetic
field to regulate both momentum and heat transfer. Using similarity transformations, the governing nonlinear
equations are reduced to ordinary differential equations and solved through a shooting method combined with a
robust finite-difference scheme. Three-dimensional streamline visualizations are exploited to elucidate the influence of
slip and oblique incidence on the near-disk flow structure. The results reveal three principal effects: the rotational flow
intensifies near the disk surface, the stagnation point shifts with velocity slip, and the main-flow velocity increases
while cross-flow velocity diminishes as slip rises. Thermal analysis indicates that the boundary-layer temperature
decreases under thermal slip and radiation, whereas local heat transfer is significantly enhanced. Furthermore, the
skin-friction coefficient grows with disk rotation speed but declines with higher velocity slip, highlighting the coupled
influence of rotational and slip effects on overall momentum and heat transfer.

KEYWORDS: Slip oblique flow; rotating disk; Cattaneo-Christov: magneto hydrodynamics; heat transfer; 3D stream patterns

1 Introduction

Fluid flows induced by rotating disks remain a focal point of contemporary research due to their
extensive applications across various scientific and engineering disciplines. This topic is of significant
interest to researchers and manufacturers involved in the design of gas turbine rotors, thermal power
systems, medical equipment, rotary plating, electronic storage devices, and swirling purification systems.
In nature, rotating flows are observed in phenomena ranging from tornadoes, hurricanes, and oceanic
circulation to spiral galaxies and everyday occurrences like the vortex in a draining bathtub. However,
the description of rotational flow extends beyond simple observation. Von Karman [1] pioneered the
investigation of flow over an infinite rotating disk. By exploiting classical transformations, he successfully
reduced the governing Navier-Stokes equations into a system of ordinary differential equations. His
groundbreaking study served as the foundation for numerous subsequent investigations into rotating flow
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problems from various engineering perspectives. Building on this, Lok et al. [2] examined fluid striking a
stretching sheet at a specific angle. They discovered that the stagnation point shifts toward the incoming
fluid flow due to free stream obliqueness, a behavior dependent on the angle of inclination. Nadeem
et al. [3] explored oblique flow toward a stretched surface with heat transfer, observing that heat transfer is
directly related to the elasticity parameter and inversely proportional to thermophoresis and Brownian
motion. Furthermore, while mass transfer increases with the viscoelastic parameter and Brownian motion,
it decreases as thermophoresis increases. Rashid et al. [4] examined the transfer of oblique flow over a
stretching plate, highlighting that local skin friction coefficients decrease as the stretching ratio enhances.
Conversely, mass flux and local heat at the stretching surface decline when the stretching ratio increases.
Sarkar [5] studied non-orthogonal stagnation point flow over a rotating disk, noting that the rotational
parameter and the azimuthal velocity component are inversely proportional.

A frequently occurring condition in rotating disk structures is forced flow along the same axis as the
disk. This scenario has critical real world applications, including chemical reactions, spinning blades, and
silicon wafer cooling. Most prior studies assumed that stagnation point flow was axisymmetric and parallel
to the axis of the revolving disk. However, this assumption does not hold in all realistic scenarios, as fluids
may occasionally collide obliquely at an arbitrary angle of inclination. Recent research has expanded to
include complex fluid models. Jawad et al. [6] investigated the rotational stagnation-point flow of a Maxwell
nanofluid across a porous, radially expanding and contracting rotating disk. They found that the rate of
heat transmission increases as the thermophoresis parameter decreases. In a related study, Jawad et al. [7]
considered Oldroyd-B fluid (a subclass of non-Newtonian fluid) and analyzed the effects of convective
boundary conditions and non-linear thermal radiation. Mahanthesh et al. [8] focused on visualizing the
nonlinear radiated flow of a hydromagnetic nanofluid, testing various nanoparticle shapes such as lamina,
cylinder, and pyramid.

For the first time, Andersson et al. [9] discussed Newtonian slip flow caused by a lubricated rotating
disk and observed that torque needed to keep the disk rotating steadily and to maintain pumping
effectiveness decreases monotonically with an increase in slip. Imtiaz et al. [10] investigated the effects of
magnetohydrodynamics on slip flow toward a rotating disk of varied thickness. It has been noted that axial
and radial velocities effect the thickness coefficient of the disk in opposing ways, and further surface drag
force and Hartman number are also directly related. At the axial and radial velocities, thickness coefficient of
disk exhibits opposite behaviour. Mustafa [11] examined partial slip effects on MHD nano fluid flow towards
a rotating disk. It has been highlighted that the velocity slip coefficient and the intensity of the magnetic
field are decreasing functions of azimuthal, axial, and radial velocities. When the conventional no-slip
assumption fails, particularly at very small scales or in rarefied environments, sliding occurs at solid borders.
In these situations, the fluid might move slightly in relation to the solid due to weak interactions between
the fluid and the surface, producing a finite tangential velocity known as slip [12]. In confined flows or ones
with large Knudsen numbers, this modification modifies shear stress and heat transfer behavior by affecting
the velocity gradients close to the wall. Studies of slip in rotating-disk configurations, such as flow between
co-rotating disks with heat transfer, reveal that slip affects both the flow dynamics and surface heat fluxes
within these rotating systems. The effect of the presence of wall slip significantly reduces the opposing
torque on the disk. Reiner-Rivlin nanofluid slip flow towards a rotating disk was investigated numerically
by Nagqvi et al. [13]. It is observed that a decrease in radially outward flow is brought on by a rise in the
Reiner-Rivlin parameter. When there is a decline in skin friction and driving torque, greater viscoelastic
effects are seen. In contrast to entrainment velocity, skin friction and resisting torque increase with a rise
in the values of the parameters of wall roughness. The wall roughness parameter has an inverse relation
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with the radial velocity profile. Majeed et al. [14] studied the heating in a stenotic artery by considering
the Darcy-Forchheimer model. It was determined that for nanoparticle fraction of volume, velocity, and
temperature, they display comparable behaviour, and higher velocity slip parameters cause speed reduction.
It is observed that there is a temperature decline for thermal slip. When the Forchheimer number and the
velocity slip variable are present, the coefficient of skin friction is greater. Due to the presence of thermal
slip, the local Nusselt number is increased. Khan et al. [15] investigated the nonlinear thermal radiation,
stimulation energy, and slip flow of a permeable rotational disk filled with a micropolarthe nanofluid
that contained active microbes. It is observed that the slip parameter successfully controls the growing
velocity variation. Shoaib et al. [16] examined the heat-transfer properties in an MHD hybrid nanofluid
flow brought on by the exchange of heat from the disk that rotates, as well as the flow of a 3D hybrid
nanofluid over a rotating disk with a uniform magnetic field of flow. When Zemedu et al. [17] examined
the stable, smooth, dual-dimensional boundary layer flow of a nonlinear convection-driven micropolar
nanofluid caused by a spinning disk, they discovered that increasing the thermal and solutal nonlinear
convection-based coefficients could increase the radial velocity close to the disk top while decreasing
the velocities away from the disk. Rafiq et al. [18] wanted to explore the convective heat transport and
magnetohydrodynamics (MHD) hybrid nanofluid flow via a stretchy spinning surface using the Yamada-Ota
and Xue models with the consequences of heat generation and thermal radiation. They determined that
within a specific range of unsteadiness parameters, two solution branches are obtained. Increasing the
impacts of thermal radiation and heat generation increases the fluid temperature and rate of heat transfer.
When the stability analysis is applied, it is found that only the first solution is still stable.

Thermal radiation is a very important effect in situations where conduction and convection alone
cannot explain energy transport, particularly at high temperatures. It dominates processes in gas turbines,
combustion chambers, nuclear reactors, aerospace vehicle design, and solar energy collection. Adding
radiation to fluid flow analysis gives more accurate heat transfer predictions, especially when handling
high-temperature rotating surfaces. A widespread phenomenon in nature is heat transfer, which occurs
when there are temperature differences between two objects. Turkyilmazoglu [19] studied the transfer of
heat of nanofluid flow with thermal radiation and used the finite element technique for simulation. It is
noted that radial and angular velocities near the disk diminished as the nanoparticle’s volume fraction
parameter increased for the nanofluid. Additionally, it is observed that an increase in the volume percentage
of nanoparticles leads to increased heat output, and hence, the thermal layer thickness is also increased.
Abbas et al. [20] examined their work in a comparative study of heat transfer processes in the thermal
boundary layer over an infinite rotating disk. The nanoparticles are covered with a water-based fluid that is
exposed to thermal radiation. The finite difference-based approach bvp4c was used to numerically solve the
derived non-linear ODEs. The results showed that suction dampens the variation and lessens the velocity
overshoot. The radiation effect’s existence led to temperature drops in the fluid and an increase in the
Nusselt number. With a rise in magnetic field strength, it was shown that the tangential component of
the surface’s skin friction increases while the skin’s radial friction, heat, and coefficients of mass transfer
all decrease. It is noted that with the rise of the Prandtl number, the mass transfer coefficient drops
while the heat transfer coefficient increases. Khedher et al. [21] discussed thermal and electro-osmotic
energy transport in complex peristaltic flows. Thermal diffusivity has an inverse relationship with the
Prandtl parameter. Higher Prandtl parameter estimates indicate less thermal diffusivity, which results in
a decrease in temperature distribution [22]. Song et al. [23] considered an off-centered rotating disk for
examining the thermal radiation by using bioconvection flow of micropolar nanofluid. It is highlighted
that for the parameter of thermophoresis, the concentration of species increases, and the concentration
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of nanoparticles declines with increasing Prandtl number. It is also noted that the Prandtl number has a
decreasing relationship with the microorganism field.

The Fourier law, classical in formulation, postulates instantaneous heat propagation, which is not
physically realistic for ultrafast heating, microscale heat transfer, or high-frequency thermal processes. The
Cattaneo—Christov model, among others, has a relaxation time parameter to capture finite thermal wave
speed and delay phenomena. This results in a better description of transient heat conduction, particularly
in materials with quick thermal responses, laser heating, and nanoscale systems. Fourier [24] defined the
heat conduction law in 1822. Fourier’s law misconceptions were removed by Cattaneo [25] by introducing
a new heat flux model, and then Christov [26] improved it. Tangential velocity is seen to increase when
stretching and rotational factors increase, and both the Prandtl number and parameter of thermal relaxation
cause a decrease in temperature. Additionally, it is noted that for greater rotational parameters, force of
surface drag at both disks is reduced. Doh et al. [27] considered the heat flux model by Cattaneo-Christov to
analyse the 3D magnetohydrodynamic flow of a micropolar fluid between two stretched rotating disks, and
it was noted that as the unsteadiness parameter is increased, inward axial velocity, tangential, radial, and
inward axial micro-rotational velocity profiles decline, and velocity profiles of radial micro-rotational rise.
It is highlighted that with increasing thermal relaxation parameters, the temperature profile is significantly
reduced. In the article, the influence of Brownian motion and thermophoresis on the flow and heat transfer
characteristics of Maxwell nanofluids flowing across a stretching plate is explored by Saeed et al’s [28].
They suggested potential ways to improve performance in heat exchange applications by highlighting the
role that nanoparticle characteristics play in determining the efficacy of heat transfer operations. Gholinia
et al. [29] discussed fluid flow over a vertical circular cylinder having a sinusoidal radius. It is noted
that velocity along the radial direction enhances with higher values of the ratio between relaxation and
retardation, and also it is reversed along the tangential direction. It is also observed that with respect to the
Deborah number, radial and tangential velocities are directly related, and increased retardation time results
in improved elasticity. The study of Jeffrey fluid axisymmetric flow towards a rotating disk with varying
surface thickness is done by Imtiaz et al. [30] with the Cattaneo—Christov heat flux model. Tulu et al. [31]
studied the carbon nanoliquid flow for a stretchable rotating disk by considering the Cattaneo—Christov heat
flux model. Hafeez et al. [32] studied the von Karman whirling flow of magnetized viscoelastic Oldroyd-B
fluid driven by a rotating disk by using the double-diffusion model by Cattaneo-Christov. Higher stretching
parameter values are seen to increase velocity in the radial direction while decreasing velocity in the
azimuthal direction. Additionally, it has been observed that as the velocity ratio parameter is increased, the
radial and azimuthal speeds decrease. Using the Cattaneo-Christov heat flux theory. Additionally, as the
thermal relaxation period increased, the fluid temperature declined. It is also observed that, as compared to
a homogeneous reaction rate, the wall concentration gradient is reduced. Some recent literature can be
reviewed regarding the current study [33-36].

In this work, magnetohydrodynamic oblique slip flow across a radiative rotating disk under non-Fourier
thermal diffusion is investigated in a novel way. The current analysis includes oblique slip at any angle
in conjunction with the Cattaneo—Christov non-Fourier model, in contrast to previous publications that
mainly examined axial or radial slip with Fourier’s equation of heat transportation. Previously unexplored
in the literature, the combination of radiative heat transfer and non-Fourier thermal relaxation with the
generation of entropy analysis offers fresh perspectives on energy-efficient thermal transport in spinning
disk systems. This study’s originality is described by the obliqueness Parameter brought about by the
external shear term, a measurement of the external flow’s arbitrary-angle impingement on a revolving disk.
This is the shear-driven oblique stagnation flow, which has never before been combined with non-Fourier



Fluid Dyn Mater Process. 2026;22(4):3 5

heat conduction, slip, and thermal radiation. Velocity slip shows finite slip on the spinning surface, which
is applicable at the micro/nanoscale or on lubricated surfaces. Additionally, heat flux and temperature
gradients are changed by the finite thermal jump at the wall, which is captured by the thermal slip
parameter. Cattaneo-Christov. In the context of a spinning disk system under oblique stagnation flow, the
term “relaxation” refers to the effects of thermal relaxation. The parameter of radiation is a novel mix of
nonlinear Rosseland radiation and Cattaneo-Christov theory.

The paper is organised in the manner described below. An introduction and a review of the literature
are included in Section 1. The proposed problem’s mathematical modelling is explained in detail in Section 2.
Section 3 presents a solution presented in the form of graphs and a physical interpretation of the results.
Finally, Section 4 offers final findings.

2 Mathematical Formulation

This study examines the constant flow of a 3-D viscous fluid that impinges longitudinally on an
infinitely rotating disk in the xy-plane. The notation Q is used to indicate angular velocity, which is
assumed to be constant, and fluid volume, which is assumed to be z > 0. It is assumed the (x, y, z)
are defined Cartesian coordinate system, where the x-axis and the y-axis are defined along the disk’s
surface, and the z-axis is taken perpendicular to the disk. Furthermore, they (u,v, w) are defined as velocity
components in (x, Y, z) directions, as seen in Fig. 1.

Z —axis

Rotating Disk

Figure 1: Flow configuration schematic diagram: An external uniform magnetic field By is applied to a revolving disk
with angular velocity Q. The radial, tangential, and axial velocity components are represented by the coordinate axes
(u,v, w). The entering oblique free-stream flow (u,, v, w.) interacts with the boundary layer as it approaches the
disk surface at an angle.
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Now, we have taken the fluid flow [2,5,37]:
(e, Ve, we) = (ax + bz%, ay,—2az), T=T., at z—>o (1)

The irrotational stagnation strain rate is represented by the constant a, whereas the additional shear
strain rate applied in the x-direction is represented by constant . An asymmetric stagnation area is produced
by this shear component, which models the obliqueness of the entering flow. As in the wall stretching
in magnetohydrodynamics rotating flows in inertial and rotating frames, the exterior flow turns into the
traditional orthogonal stagnation flow of the rotating-disk experiments when b = 0. The shear-deformation
of the external flow that results in the inclined stagnation-point behavior is thus described by the phrase
%bz% [38]. The system of equations that results under those conditions is as follows [19,24-26,39]:

Uy +vy + W+ =0 (2)
9 1 oBiu
Uty +0Uy + W, = VWU — —py — (3)
p P
, 1 o B3v
uvy +vvy + ww, = vV — —p, — 4)
P P
UWy +0Wy + WW, = vWiw — —pz (5)

T + 0Ty, + wT, K +160*T‘2’ VAT
u v w = | — —
* Y ‘ pCp  3k*pC,

—A[uz Tex + W2T,, + 2uwaz] = A Te(uuy + wu,) + T,(uwy + ww,)]

(6)

where the kinematic viscosity, density, pressure, and temperature are represented by v, p, P, and T,
respectively. The conditions on the disc are defined by the Eq. (7). For heat flux, the Cattaneo—Christov
constitutive law is: g + AVqg = —kVT, where 1 is the thermal relaxation term and Vgq is the upper convected
derivative. Using this Catteneo-Christovo term in the energy equation, since for rotating-disk flows,
boundary-layer approximations are frequently utilized. Since there is no variation in the y direction
a% — 0. There are dominant gradients in the x- and z-directions, so ignore higher-order terms like u,
and v,. Following the application of these simplifications, getting the advection term, i.e., the left-hand

side, the first term of Eq. (6) uTy + vT, + wT, and the classical Fourier diffusion term, the second term on
* T3
the right-hand side in Eq. (6) (% + Bo'ls

350, V2T, the second term comes from Rosseland radiative heat
flux approximation. Christov correction (relaxation effects) is given by the upper-convected derivative,
which gives the extra terms —A [uz Tex + W?T,, + Zuwaz] and from the velocity gradient contributions is

—A[Tx(uuy + wu,) + T,(uwy + ww,)]. By combining these two terms, we get Eq. (6).
d 0

u:—Qy—i—/ll—u, v:—Qx—i—/lz—u, w=0, T=T, at z=0 (7)
0z 0z

where physically the boundary conditions explain the disk’s rigid-body rotation, denoted by the equations
—Qy and —Qx, causing the fluid to be dragged in an azimuthal direction by viscous action. The fluid does
not completely cling to the disk surface under these Navier slip boundary conditions. Micro/nanoscale
flows, lubricated disks, and surfaces with weak fluid—solid contact forces can all experience velocity slip.
Condition of no penetration Since the disk is impermeable, there is no normal velocity at the surface.
The condition of temperature ensures that, in line with thermal-control applications, the disk’s surface
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temperature remains constant. Far-field conditions guaranteed that the external flow is unaffected far from
the surface and that the rotating disk solely affects the boundary layer. When combined, these boundary
conditions depict a physically plausible interaction between an obliquely impinging slip-flow environment
and a revolving disk. Egs. (2)-(6) simplified to the following equations considering large z

1P  du, du, oBiu,

——— = U— +W + 3
p ox ‘ ox ‘oz p ®)
10P v oBv

o, D O000 )
pay dy p
10P ow

_1oP_ ow. (10)
p oz 2z
T K 160*T3\ &*T , T  dwaT

w— = | — + — AWt w—— (11)
0z pCp,  3k*pC, ) 0z? 0z° 0z 9z

which convert the governing heat transport and momentum conservation laws into:

Uy +vy+w, =0 (12)
2 oBiu, oBiu
Uy +0Uy + WUy = Uelley + Welle, + VV U + T — T (13)
oBv oBv
UVx + DUy + WO, = Deley + Wiy ¢ 8 0 (14)
P p
UWyx + OWy + WW; = WeW,, + TAVAEW (15)
K  160°T2\ 0*T

wl, = — + 2| — - A[szzz + waTz] (16)

pCy,  3k*pC, ) 0z°

The case of a disk with no rotation is the axisymmetric oblique stagnation point flow that was derived
from the previous set of equations for Q = 0. This approach works quite well for resolving PDEs of this type
that arise in boundary layer flow issues. The following list of similarity transformations has been applied.

U = (u,0,w) = (axf’ — Qyg + (av)/*h,ay f’ — Qx,—2(av)'/?f)

T-To a,
. — (ZH1/2
-1, ¢-G)=

o (17)

where f = f({),g = g({),h = h({) and 6 = 6({). The similarity variables are selected according to the
classical Karman scaling: the thickness of the boundary layer scales as § ~ (%)1/ 2,50 = (%)1/ 2z. The
velocity decomposition separates the linear x, y dependence of the outer inviscid flow from the viscous
{ dependent correction and continuity. Replacing these forms in the non-dimensionalized version of the
Navier-Stokes and Cattaneo-Christov equations of energy non-dimensionalizing with the scales a and
(av)'/? eases the PDEs to the ODE system. The Navier slip and thermal jump over the disk lead to the
boundary conditions at { = 0 and equal to the induced external stagnation field as { — co. Such reductions
of similarity are regular with the classical von Karman and oblique-stagnation similarity processes and
retrieve the usual limits in case of «, y, 81,9, = 0
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The obtained systems of PDEs from Eq. (13) through Eq. (16) become:

f///+2ff”_f/2+1+a2g2+M2_M2f/: (18)
g’ +2fg —2gf ~M’g=0 (19)

W +2fl —hf —M*h+ M*yl? =0 (20)

%(1 RO +2f0 —4BLFF16 + 26"] =0 (21)

This reduces boundary conditions to

f=0 ff=6f"Q), g=1+6g@, h=&K(Q, 0=1+8&0() at (=0 (22)

Here the rotational ratio parameter is represented by « and & = £, obliqueness parameter by y =

a 3
2
%#, M is Magnetic field parameter with M? = %" and f is thermal relaxation parameter by and
av)4

B = Aa. Taking into account o = 0, the flow on a wall is represented by the Eqs. (18)-(21) and their
boundary conditions Egs. (22) and (23), which are applicable in non-orthogonal stagnation point flow.
In Eq. (18) through Eq. (21) and its boundary conditions (22) and (23), which define this flow towards a
spinning disc, substitute b = 0 when the stagnation point flow is axisymmetric orthogonal. The following
are the components of wall shear stress:

Ty = pvuzlz—o = apvx () — alg' () + K (Dll¢=o (24)

Ty = pvozl=o = apv[{ () + axg (Dllr=o (25)

At the shear stress point, the shear is zero. With 7, = 0 and 7; = 0, for example, we achieved the
shear center when shear is zero.

pvuzlz—o = apv[x () — alg () + K(Dlle=0 = 0 (26)

pyzlz=0 = apv[Lf7 () + axg'(Dllg=0 = 0 (27)
From Eqgs. (26) and (27),

@R ah’(9g' ()

X =GR + a5 QP Loy E=TGHOR + alg OF Lo #)
and the temperature gradient at the disc surface is
_Ty|y:O = _6/(§)|§:0 (29)

In order to make the numerical scheme which is defined in Fig. A1 reliable, the model was tested for
some of the well-known limiting cases, for y = 0 = §; = §; = = Rd. The current equation simplifies to
the classical von Karman rotating disk equation. The computed values of f”/(0), g’(0), 6’(0) concide with
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the benchmark rotating-disk solutions of [40], Mehmood and Usman [41] and Shevchuk [42] and have
errors less than 1%.

Parameter [40] [41] [42] Present Results
17(0) 0.510 0.5102 0.5102 0.5102
—g’(0) 0.615 0.6159 0.6159 0.6159
-0’(0) 0.395 0.3969 0.3969 0.3969

3 Numerical Results and Discussion

Several physical parameters, including the magnetic field parameter M, the velocity slip parameter
81, the thermal slip parameter &;, the obliqueness parameter y, the thermal radiation parameter Rd, and
the Prandtl number Pr, are compared to the heat transfer and flow features of the modeled mathematical
problem. The findings are quite optimistic.

We are therefore very confident of our subsequent graphical results. Fig. 2 illustrates a streamlined
pattern xy{-plane in the absence of rotation, i.e., for the case of a stationary disk. Orthogonal (y = 0)
and oblique (y # 0), for both cases, are represented by different values of the velocity slip parameter
61. It can be seen from the streamline profiles that the field of flow shows a strong inclination relative
to the stagnation point as a function of the obliqueness parameter value y. Since it y is an obliqueness
parameter, which is the angle of attack of flow towards the disk, and it has different impacts for positive,
negative, and zero values. For positive values of y, the streamlines deviate in the direction of negative
x-axis, which signifies the directional skewness in the flow structure close to the stagnation point. The
flow becomes oblique, towards the negative x direction. Since the streamlines are perpendicular to the
inflow velocity, the streamlines are inclined in the negative x-direction. In contrast, negative values of y
reverse this trend, changing the streamline direction towards the positive x-axis. Additionally, the size y is
instrumental in controlling the level of flow deflection. The horizontal element of the incoming flow is now
directed to a positive x-direction; hence, the streamlines bend towards the positive x. This opposes the
tendency of the flow and creates a skewness of opposite nature in the stagnation-point structure. When y is
increased, the streamlines become increasingly sloped, indicating a rise in obliqueness of impinging flow in
the same direction as the rotating disk. In physical terms, this means that higher values of y strengthen the
non-symmetric stagnation-point flow, changing pressure and velocity distributions along the surface. These
changes are significant, since they have a direct bearing upon transport phenomena such as momentum
transfer and heat exchange in the boundary layer. The streamline pattern for a rotating disk is depicted in
the xy{-plane in the Fig. 3 by taking the obliqueness parameter y = —1,0, 1 for a constant velocity slip
&1 = 2 parameter. It is no longer possible to have the fluid stick to the disk perfectly. The lower shear of the
wall is due to decreased surface resistance. This enables the flow in direction to enter more freely to the
oblique direction imposed. Therefore, slip increment augments inclination with streamlines and intensifies
the skewness of the observed streamlines.

Thermally, the greater the slip, the smaller the frictional heating, and the greater the intensity of local
convection; hence, the increase in surface heat flux with high slip values. The angular velocity Q of the
rotating disk is assumed to remain constant. This disk revolution in turn causes the fluid to rotate, which
generates the centrifugal force, which is a force acting radially outward. This 3D flow is a pump based on
continuous phenomena; the term “free disk pumping effect” [39] is the most commonly used to describe it.
It is consistent with the fact that efflux is a greater outward force flow. Since the stagnation point has the
highest pressure, rotational motion is produced around it.
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To understand the properties of the velocity profiles, f'({) and g({), curves are shown for different
values of the velocity slip parameter ;. Fig. 4 is plotted for different values of the velocity slip parameter §;
to examine its effect on primary velocity f/({), and it is highlighted that the velocity component enhances
with the velocity slip parameter. Fig. 5 shows a graph for the induced velocity for different values of
the velocity slip parameter, g({), and it is observed that the induced velocity decreases with the velocity
slip parameter ;. The rotating disk pushes the fluid around in the rotational direction by the influence
of viscosity. In this spinning fluid, there is an outward centrifugal force that generates the rise in radial
velocity off-center. Classical von Karman rotating-disk boundary layer Suction-like upward movement.
The stream is symmetrical around the center. The stagnation point is still at the center, and the rotation
is prevailing in radial spreading. The oblique driving force causes the stagnation area to be pushed on
the negative xside. This momentum is then carried off asymmetrically during rotation, which continues
to distort the structure of the boundary layer. The sign of tilt is opposite to that of g. Since the rotation
will create a circulation that moves around the stagnation zone, the oblique inflow will interact with the
circulation, creating visible swirling patterns. The swirling is observed towards the stagnation point due
to the reason that the rotational disk is causing azimuthal (tangential) velocity. This causes a secondary
vortex-like pattern of the stagnation point with the highest pressure. The flow of incoming oblique alters
this vortex and reinforces or weakens it by the sign of g.

It is this outward acceleration that causes the so-called free-disc pumping effect: rotating pumps
the fluid at the center of the fluid toward the outer parts. The fluid’s temperature 6({) and the degree of
thickness of the thermal boundary layer reduce with the velocity slip constant §;, as shown in Fig. 6. Fig. 7
shows the effect of the rotation ratio parameter o and Prandtl number on the coefficients of skin friction,
(f”(0), and it is observed that the coefficient of skin friction enhances with the rotation ratio parameter
. Fig. 8 is plotted to examine the effect of the rotation ratio parameter « on local heat flux (6/(0)), and
local heat flux decreases with an increase in the rotation ratio parameter a. Local heat flux (6/(0)) against
the thermal slip parameter §; for different values of the Prandtl number Pr is depicted through the graph
shown in Fig. 9, and it reveals that local heat flux decreases with a rise in Prandtl number values. Fig. 10
exhibits that 6(0) against the coefficient of thermal radiation R for different values of the Prandtl number,
Pr, and it enhances at the surface of the rotating disk.

@a=0,6=00M=2,y=0 (b)a=0,01=0M=2,y=1

Figure 2: Cont.
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Figure 2: Streamlines for @ = 0 for obliqueness parameter y and velocity slip parameter 6;.
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Figure 3: Streamlines for o = 1 for obliqueness parameter y.
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Figure 4: Velocity profile f’({) for various values of velocity slip parameter &;.
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Figure 5: Velocity profile g({) for various values of velocity slip parameter §;.
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Figure 6: 0({) for various values of radiation parameter Rd.
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Figure 8: 0’(0) for variable rotation ratio parameter « against slip parameter &;.
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Figure 9: Local heat flux 6’(0) against momentum slip parameter 8, for various values of Prandtl number Pr.
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Figure 10: Local heat flux 6’(0) against radiation parameter Ry for various values of Prandtl number Pr.

4 Conclusion

MHD Oblique flow towards a rotating disk in the presence of velocity and thermal slip conditions has
been modelled, transformed, and examined. Thermal radiation and thermal relaxation effects are also taken
into consideration. The core outcomes of the study are summarized as:

The point of stagnation varies a bit with an increase in the velocity slip. The existence of rotational
movement on the disk surface is evident when there is a velocity slip. The velocity slip parameter increases,
and the velocity of the main flow increases, while the velocity of the cross-flow decreases. The profile of
temperature is lowered because of the joint effects of temperature in the boundary layer and heat radiation.
The friction of the skin on the disk surface also reduces with the velocity slip, but mass rises with the
stronger rotational effect. In addition, the local heat transfer through the rotating disk is enhanced by
increased parameters of thermal slip and thermal radiation. To further the study, transient effects and
behavior of non-Newtonian fluids would be of interest in studying the slip flows in rotating disks in the
future. To bridge the gap between theory and practice, experimental research and practical implementation
in the design of rotating machinery would be beneficial. More effective slip and thermal control could
improve thermal control and be useful in advanced engineering devices.
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Nomenclature

By uniform external magnetic field (Tesla)
BVP boundary value problem

c specific heat

K (0) tangential component of surface
IVP initial value Problem

ODEs Ordinary differential equations
p pressure

q heat flux

T fluid’s temperature

v y-component of fluid’s velocity
o rotational ratio

obliqueness parameter
thermal slip parameter
kinematic viscosity
Thermal conductivity

A < O <
Ny

Appendix A Solution Methodology

boundary Conditions

Biot number

induced velocity function

skin friction

magnetic flux parameter
Partial differential equations
Prandtl number

thermal radiation
x-component of fluid’s velocity
an axis normal to rotating disk
thermal relaxation parameter
velocity slip parameter
Temperature

density

angular velocity
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Researchers have proposed a variety of approaches to deal with nonlinear systems, including the

Keller box method, finite difference approach, and shooting method, which are significant. To find a

solution in this situation, the set of coupled non-linear Egs. (18)—(21) along consistent BCs (22) and (23)
are numerically solved using built-in MATLAB code BVPC, which is the RK method inconsistent with the
shooting technique [43]. BVP4C can be written as an explicit Runge—-Kutta formulation with continuous

extensions or as a collocation approach utilizing C1 piecewise cubic polynomials. Egs. (18)—(21) with (22)

and (23) were changed into different equations by applying sequential transformations.

wi = f(Qws = Wi = F(Ows = wh = (0, wa = wh = f7(0)

ws = (), ws = wg = g'({), wr = wg = g”({)

I
=

wg = h({), wo = wg = h'({), wio = wy = h”({)

w1 = 9({), Wiz = Wil = 9/(5), Wiz = W{z = 9”(5)

Wy = —2wiws + w5 — 1 — a?wi — M?* + M*w,
wg = —2w;ws + 2Wswy + M2 ws

1

Wy = —2wi Wy + Wgwy + M?wg — szg’z

/ 1 P
wi, = ———Pr
12 (1 + Rd)

[ — 2wiwig + 4f[wiwawis + wgwlg]]

(A1)

(A2)
(A3)
(A4)

(A5)
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w1(0) = 0, w2(0) = a1, w5(0) = 0, wg(0) = a,
we(0) = 0, w7(0) = a3, wy(0) = 0, w;0(0) = ay, (A6)
w11(0) = a5, wi2(0) = wi1(0) = a6, w13(0) = a7

where a;,i = 1,2,3 ... are the shooting parameters. A four-decimal-place tolerance level is selected for all
numerical schemes. Here flowchart (Fig. A1) of the numerical scheme until convergence is achieved.

Reduce PDEs
-> coupled

) e

p—
=

R

Figure A1: Solution methodology.

The nonlinear boundary-value problem has a mixed shooting-BVP4C solution. By integrating the ODE
system of the form 7 = 0, a truncated boundary 5 — oo with tolerances RelTol = 10°® and AbsTol = 1071,
the shooting step provides accurate initial estimates of the missing slope of the boundaries. The MATLAB
collocation solver BVP4C receives these initial guesses and uses adaptive mesh control RelTol = 107°
and AbsTol = 1078, NMax = 5000 to refine the result. The hybrid solver provides stability and accuracy
because a pure shot technique is highly sensitive to early predictions, and a pure BVP solver may not
converge without a solid beginning profile. The computational domain is where the truncation point
is located. The combined methodology guarantees both stability and accuracy because a pure shooting
method is very sensitive to beginning predictions, and a pure BVP solution may fail without a strong
starting profile. Depending on the parameter configuration, the computational domain is truncated at
Neo = 15-20. Grid-independent values of f”/(0), g’(0) and 6’(0) with changes below, 107° are confirmed by
mesh refinement tests with 100, 200, and 400 points. Mesh independence checks, residual tolerance, and
boundary-condition satisfaction 7. are used to confirm convergence.
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